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dency toward spurious oscillations in both viscous and inviscid
problems. On the positive side, however, the Roe scheme is very
accurate, the Liou-Steffen technique rivals that accuracy at a
reduced cost, and the Van Leer algorithm can provide essentially
nonoscillatory solutions for hypersonic flow conditions. The
search for the optimal algorithm for compressible flows is proba-
bly still open.
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Nomenclature
a = coefficient in the discretization equation
p = pressure
s = source term
u = x-direction velocity
X = coordinate
y = coordinate
z = nozzle length
o = weighing factor
At =time step
Ax = x-direction width of the control volume
p = density
Subscripts
E = neighbor in the positive x direction, i.e., on the

eastern side
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= control-volume face between P and E
= central grid point under consideration
=neighbor in the negative y direction, i.e., on the
western side

SR

w = control-volume face between P and W
* = based on the guessed pressure

' = corrected value

Superscripts

0 = old value

T = for energy equations

U = for momentum equation

Introduction

ECAUSE of the difference in nature between compressible

and incompressible flows, different computational schemes
have been developed through the years to deal with these two
types of flows. In the case of compressible flows, methods have
been developed that use density as a primary variable. Such meth-
ods are known as density-based methods. Examples of density-
based methods are the well-known methods of MacCormack! and
Beam and Warming.? Unlike density-based methods, pressure-
based methods use pressure as a primary variable. Examples of
pressure-based methods are the well-known SIMPLE® and PISO*
methods.

The purpose of this paper is to investigate the differencing
scheme of density used for the convection terms in the momentum
transport equations. To provide a clear understanding, we will
discuss these concepts in the framework of a one-dimensional
scheme. Fortunately, all of these concepts as developed within this
one-dimensional framework are readily extended to two or three
dimensions.

Discretized Equations
Different methods can be used to discretize the equations of mo-
tion. In this paper the control-volume-based discretization scheme
described by Patankar® is applied. Discretization of continuity,
momentum, and energy equations leads to the following algebraic
equations:

o

Pp—p
ypr[ L ”j = (Pt PtpY,) )
Aplly = Agitg+ aylhy — by (Pp—Dp) +5p )
abT, = aLTy+ayTy +sp 3)

The solution of Eq. (2) using the guessed pressure field results in
the following equation for tentative velocities:

aiu; = apup+ayiy —by(pr—Dp) + s'f, 4)
If Eq. (4) is subtracted from Eq. (2), the following equation is
obtained:

u ’ U ’ u ’ u ’ ’
apUp = gy + iy =bp (P —pp) &)
where ’ is the velocity correction and p’ is the pressure correction.
The actual velocities and pressures are given by

u=u"+u

(6)
and

p=p"+p @)

If the terms ay u/E and ay, u'W in Eq. (§) are neglected, the follow-
ing equation for velocity correction is obtained:

Up = Dp(Pp=Pp) ®)
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where
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The guessed pressure field is also used to calculate tentative densi-
ties using the equation of state. The result is

pr=2 (10)

P
P=RT an
The true density is given by
p=p +p’ (12)

Consider the term (p,up) in Eq. (1). If the density p, is taken as the
upstream value pp, and if we use Eqs. (6) and (12), we can write

Pltp = Ppitp = (Pp+P7) (Up+ 1) = Ppitp+ppity

’ * ’ 4 * E3 * ’ ’ *
TPpUpt PpUp=PpUpt Pplipt Pplp (13)
In a similar way the term (p,,py,) is approximated by
— o * * * 2’ ’ * 4
Puitw = Pwlty = Pylty + Py ity + Py ty (14)
The reason why the densities are upstreamed is to avoid negative
coefficients in the pressure correction equation. This equation is

obtained by replacing Eqs. (8), (11), (13), and (14) in Eq. (1). After
rearrangement we get

appp = Ag D+ ay Py +5p 1
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It was found that upwinding of the densities in Eq. (1) causes
unnecessary smearing of shocks. A remedy for this problem is to
upwind only the density corrections. If this practice is applied to
the terms (p,up) and (p,uy) in Eq. (1), the following result is
obtained:

Poltp=PLip+ Pyilp+Ppilp 20)

Pty = Pty + Prlly + Py Uy @n

The values of densities on the control-volume boundaries in Egs.
(20) and (21), i.e., p, and p),, are calculated as the mean of the
neighboring control-volume values. Thus

p. = (Pp+pp)/2 (22)

P, = (Pw+pp)/2 (23)

The expression of the mass fluxes across the control-volume
boundaries according to Eqs. (20-23) does not cause negative
coefficients in Eq. (15). It is also interesting to note that when a
steady-state solution is obtained, the pressure corrections and thus
also the density corrections become zero. In such a case, the mass
flux terms given by Egs. (20-23) reduce to

pitp = (Pptpp)up/2

Pty = (Pwtpp)uy/2

which is equivalent to a central-differencing scheme for the den-
sity derivative in the continuity equation. It can therefore be con-
cluded that the form given by Egs. (20-23) leads to a second order
approximation of the continuity equation. The practice where only
the density corrections are upwinded and where the tentative den-
sities are expressed by Eqs. (22) and (23) will be referred to as the
central-differencing scheme for density in the mass conservation
(continuity) equation.

One-Dimensional Flow Through a
Convergent-Divergent Nozzle

A nozzle with a parabolic profile is considered. The throat of the
nozzle is exactly in the middle and the ratio of the inlet area to the
throat area is 0.25. The only boundary values that are specified are
the inlet pressure and the outlet pressure. The inlet pressure is
taken as 1 X 10° Pa and the outlet pressure as 6.667 X 10* Pa. This
implies a pressure ratio of 1.5 across the nozzle. With this specific
choice of geometry and boundary conditions, a normal shock is
present in the divergent part of the nozzle. The fact that only the
pressures are specified on the boundaries insures that not only the
ability of the methods to predict the strength and shape of the
shocks is tested but also their ability to predict the position of the
shocks correctly. An evenly spaced grid with 100 increments is
used.

Figure 1 shows the results of the SIMPLE method for a nonstag-
gered grid with a mixed differencing scheme for the convection
terms in the momentum and energy equations and a central-differ-
encing scheme for the densities in the continuity equation. The ef-
fect of the weighing factor & is also shown. The closer to 1 the
value of o becomes, the more smeared the shock becomes,
whereas the closer to 0.5 the value of o becomes, the more oscilla-
tory the results become. Best results are obtained with a value of o
of 0.75. For this value the results of the SIMPLE method and the
method of MacCormack are very close to each other.
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Fig. 1 Comparison between the SIMPLE method with a mixed-dif-
ferencing scheme for the convection terms and a central-differencing
scheme for densities in the continuity equation and the method of Mac-
Cormack.
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Fig. 2 Velocity profile in the separation region. The largest separation
is shown; U.. is the velocity at the inflow boundary.

Two-Dimensional Flow

Although the SIMPLE algorithm has been described within the
framework of a one-dimensional coordinate system, the basic
method, together with the nonstandard features discussed in the
previous section, can easily be extended to two or three dimen-
sions. The equations of motion for two-dimensional viscous com-
pressible flow and the extension of the original SIMPLE method to
two dimensions are discussed by Van Doornmaal et al.® Because
of the lack of space, the extension of the one-dimensional scheme
to two dimensions will not be discussed in detail here. The results
of a shock-boundary interaction are, however, given.

The geometry and flowfield representing the interaction are dis-
cussed by MacCormack.! An externally generated shock wave is
incident upon the boundary layer of a flat plate. For a strong
enough shock wave, the boundary layer will separate from the sur-
face of the plate and reattach downstream. A region of rotating
fluid exists between the separation and reattachment points that
causes the boundary layer to thicken and generate a series of com-
pression and expansion waves that eventually form the reflected
shock wave. According to MacCormack! the separation region is
fairly sensitive to calculation and therefore serves as a good test
for a numerical method.

In Fig. 2 the calculated velocity distribution in the separation re-
gion with the present method, using a nonstaggered grid, is com-
pared with the calculated results of the 1969 explicit method of
MacCormack! for a shock angle of 32.585 deg and a Reynolds
number of 2.9 X 10°. The agreement between the two methods is
good.

Concluding Remarks

For one-dimensional flow through a nozzle, it can be deduced
that a mixed-differencing scheme for the convection terms and a
central-differencing scheme for densities in the continuity equa-
tion considerably improve the accuracy of the SIMPLE method.
For the shock-boundary interaction problem, the SIMPLE method
for a nonstaggered grid with mixed differencing for the convection
terms and central differencing for densities compares very well
with the method of MacCormack.
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Calculation of Matched Pressure
Properties of Low-Altitude
Rocket Plumes
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Nomenclature
=area, m
= plume drag, N
= actual rocket thrust, N
= maximum possible rocket thrust, N
= rocket exhaust mass flow, kg/s
= pressure, Pa
= gas constant, J/kg/K
= plume boundary radius, m
= distance along plume boundary, m
= temperature, K
= axial velocity, m/s
= ratio of specific heats
= angle of plume boundary relative to plume axis, rad
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Subscripts

b = station at which the pressure within the plume is uniform
and equal to the ambient pressure

c = rocket combustion chamber

e = nozzle exit plane

oo = limiting state where p and T are absolute 0

Introduction

N accurate estimate of the temperature of the exhaust gas in

the plume of a rocket at low altitude is required to predict the
plume’s infrared emission. Sukanek! proposed an approximate
one-dimensional method of calculating the temperature based on
the Jarvinen and Hill universal plume model. Pearce and Dash?
corrected an inconsistency in Sukanek’s approach but introduced
two of their own. This Note draws attention to these errors and
demonstrates that the universal plume model is inappropriate for
this problem.

Discussion

Consider a control volume (cv) drawn along the boundary be-
tween the airstream and the exhaust plume of a rocket, Fig. 1. The
exhaust gas enters the cv parallel with the nozzle axis and at uni-
form pressure p, (the nozzle exit pressure). The gas leaves the cv
far downstream in an axial direction at the pressure of the sur-
rounding atmosphere p,,. Mixing with the airstream and accelera-
tion of the rocket are neglected and the momentum balance is
simply

s
IObansin 0(p-p,)ds=m(u,~-u)+ (p,~p,)A,

b
= mu, —F
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